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Foreword

From 1991 to 1998 | was teaching CFD as a part of post-graduate classes in hydro-
power engineering at Department of Hydraulic and Environmental Engineering at the
Norwegian University of Science and Technology. The content of CFD in the classes
had been increasing over the years, reflecting the new possibilitiesfor solving practical
problems with computers. The main application has been to calculate the trap effi-
ciency of sand traps and reservoirs, and to investigate flow pattern with regardsto
hydropower intakes. This has reflected both the focus of the teaching and also the
tutoring of Ph.D. and M S students using CFD in their projects.

When teaching CFD, | initialy relied largely on papers and selected notes from rele-
vant books. There was not any textbook to follow, and this was problem for the stu-
dents. In the spring of 1997 Prof. D. K. Lysne asked be to write these class notes.
Hopefully, the notes will be improved over the years, and be of help to students trying
to learn CFD.

The target group for this document is students in hydraulic and sedimentation engi-
neering. The prerequisite is some knowledge of processesin fluid flow and differential
equations, for example basic classesin hydraulics/fluid mechanics and mathematics, at
an undergraduate university level.

| want to thank Dagfinn K. Lysne, Catherine A. M. E. Wilson, Tor Hakon Bakken and
Hilde Marie Kjellesvig for valuable comments to the text.

Provided the document is not changed, it may freely be copied and distributed.

Nils Reidar Olsen
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1. Background for CFD in hydraulic and sedimentation engi-
neering

Computational Fluid Dynamics (CFD) is the science about calculation of fluid flow
and related variables using a computer. Usually the fluid body is divided into cells or
elements forming a grid. Then equations for unknown variables are solved for each
cell. Thisrequires a substantial amount of computing resources. Therefore, this sci-
ence has not progressed to a practically applicable stage until recently. In coming
years, CFD will increasingly be used in hydraulic and sedimentation engineering. It is
therefore important that engineering students are given insight into this topic.

This document describes the solution techniques based on the control volume method.
Particular emphasisis put on calculation of sediment transport, and also on water flow
with free surface. Thisisin accordance with the class in Sedimentation Engineering
taught at the Institute of Hydraulic and Environmental Engineering of the Norwegian
University of Science and Technology.

Problems related to hydraulics and sedimentation engineering have previously often
been solved by the use of physical models. Physical models are costly and time-con-
suming, compared with CFD models. A particular problems with physical model stud-
ies has been the simulation of suspended sediments. Cohesive forces are present for
fine particles necessary when scaling down sediment sizes for simulation of sand traps.
Calculation of trap efficiency of sand trapsis one of the first areas where numerical
models were used instead of physical models. Since then the CFD models have
expanded to include sediment transport with time-dependent moveable bed, trap effi-
ciency, deposition, erosion, local scour, turbidity currents, flood waves, spillways and
head loss in channels and tunnels.



2. Grids

A basic concept of CFD isto divide the fluid geometry into elements or cells, and then
solve an equation for each cell. In the following text, the word cell will be used instead
of element, to avoid confusion with the finite element method. The algorithms
described in the following chapters are based on the finite volume method, except
Chapter 5, giving a short introduction to the finite element method.

2.1 Classifications

Grids can be classified according to several characteristics:

+ shape

« orthogonality

+ structure

+ blocks

+ position of variable
+ grid movements

The shape of the cellsisusualy triangular or quadrilateral:

Triangular and quadrilateral shapes

The orthogonality of the grid is determined by the angle between crossing grid lines.
If the angle is 90 degrees, the grid is orthogonal. If it is different from 90 degrees, the
grid is non-orthogonal .

I Pl . g L]

Orthogonal grid Non-orthogonal grid

For non-orthogonal grids, a non-orthogonal coordinate system is often used to derive
termsin the equations. The coordinates then follow the grid lines of a structured grid.

The three non-orthogonal coordinate lines are often called &,),{, corresponding to X,y



and z in the orthogonal coordinate system. Thisis also shown on the figure below:

¢

w Non-orthogonal coordi-
nate system following the
y grid lines.

Grids can be structured or non-structured. Often a structured grid isused in finite vol-
ume methods and an unstructured grid is used in finite element methods. However, this
is not always the case. The figure below shows a structured and an unstructured grid.
In astructured grid it is possible to make a two-dimensional array indexing the grid
cells. If thisisnot possible, the grid is unstructured.

Unstructured grid
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Sructured grid

Almost all grids using triangular cells are unstructured.

A multi-block grid isamade from
severa structured grids as shown on
the figure to the right:

Multi-block
grid

There are aso classifications
according to where in the grid the
variable is calculated. To improve
stability, some models calculate
pressure and velocity in different
positions. Thisiscalled astagger ed




grid. A non-staggered grid is used when all variables are calculated in the same loca-
tion, most often the centre of each cell. These terms are most often used in the control
volume terminology. In finite element methods, the variables are most often cal culated
at grid intersections, and sometimes also in the centre of a cell. The following figure
shows this with circles indicating the locations of the calculation points. P denotes a
point where pressure is calculated, and U denotes a point where velocity is calculated.

P Uy P U, P Saggered grid
u,P U,P U,P Non-staggered grid
uU,P uU,P uU,P U,R
UP UpP uU,P Finite element
variable layout
u,P u,P uU,P U,R

An adaptive grid moves according to the calculated flow field or the physics of the
problem. When the water surface or the bed moves during atime step, it is possible to
make the grid move accordingly, to calculate the situation for the new geometry.
Thereby time-dependent cal culations of bed changes and water levels can be done.

An adaptive grid is used to model bed changesin for example sediment deposition,
reservoir flushing or local scour. It isalso used to model changesin the water surface
when for example calculating a flood wave.

2.2 Structured grid numbering

There are several ways to identify cell and grid linesin a structured grid. When using
some CFD programs, it isimportant to know the numbering system for each particul ar
program in order to identify the regions of inflow/outflow and outblocking procedures.
The numbering system described in the following is used by the SSIIM program.

In astructured grid, there will always be one more grid line than grid cellsin any given
direction. Because boundary conditions are also needed, there will be agrid cell with
zero thickness at the walls. The number of thiscell is 1. The number of thefirst cell



inside the grid is therefore 2. The figure below shows a two-dimensional view of the
grid, with numbers.

(1,3) (2,3) (3.3 4,3
(12) 22) (32) 42) Grid line numbering
(1,2) (2,2) (3, (4,2
(2,3 (3.3 (4,3
Grid cell numbering
(2,2 (3,2 4,2

The variable in centre of the “first” grid cell has number (2,2). The variables on the
boundary are only used as boundary conditions. The variables in the corners: (1,1),
(1,5), (5,1) and (5,5) are not used for anything.

Note that different computer programs may have different grid numbering systems.

2.3 Grid qualities

The accuracy and convergence of a finite volume calculation depends on the quality of
the grid. Three grid characteristics are important:

+ non-orthogonality
+ aspect ratio
+ expansion ratio

The non-orthogonality of the grid lineintersectionsis the deviation from 90 degrees. If
the grid line intersection is below 45 degrees or over 135 degrees, the grid is said to be
very non-orthogonal. Thisis a situation one should avoid. Low non-orthogonality of
the grid leads to more rapid convergence, and in some cases better accuracy.

The aspect ratio and expansion ratio is described in the figure below:

The figure shows two grid cells, A and B. The length of the cells are Ax, and Axg.



AXp i A B

Expansion/aspect ratio

- AX A>< AX B

The expansion ratio of the grid at these cellsis Axa/AXg.
The aspect ratio of the grid at cell A iSAXa/Aya.

The expansion ratio and the aspect ratio of a grid should not be too great, in order to
avoid convergence problems and inaccuracies. Aspect ratios of 2-3 should not be a
problem if the flow direction is parallel to the longest side of the cell. Experience
shows that aspect ratios of 10-50 will give extremely slow convergence for water flow
calculations. Expansion ratios under 1.2 will not pose problems for the solution. Expe-
rience also shows that expansion ratios of around 10 can give very unphysical results
for the water flow calculation.

2.4 Elliptic grid generation

Elliptic grid generation is a method to distribute internal points smoothly in a struc-
tured quadrilateral grid. Thisis done by solving a Laplace or Poisson equation for the
location of the grid line intersections:

g =p (2.4.1)

The location of the grid lines are denoted €. P is a source term used for attracting grid
linesto aside or a point.

An example of using elliptic grid generation is given below:

Thisgrid is made by use of transfinite interpolation. This means that straight lines are
made between the points on the wall.
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Elliptic procedures are used to obtain the grid shown above, with no attractions. This
means P=0 for Equation 4.2.1.

Looking at the lower point of the step, the cells are smaller closer to thewall. Thisis
due to attraction functions. P # O for Equation 4.2.1.

2.5 Practical advice for generating structured non-orthogonal grids

Making agood grid is a considerable part of the work for CFD calculations for com-
plex geometries. Experience seems to be very important for this task, so the first
advice isto practice making grids.

Before starting to make the grid, some information is necessary:

1. How many grid cells are available for the grid? This can be calculated from the
capacity of the computer and the expected computational time.

2. Drawings of the geometry are important, where boundaries and the inflow/outflow
regions are shown together with possible islands or other outblocked regions.

Anoutblocked regionisapart of the grid where water is not allowed to flow. It can be
used for making islands or obstaclesin the flow. An exampleis given below with flow
around a square obstacle:

11



Grid with an outblocked

D region of 3x2 cells

Note that not all computer programs have the option of blocking out parts of the grid.

If the geometry is complex, one should make a paper sketch of the grid before starting
to use the computer. The paper sketch should be reasonably large in order for the
details to be visible. The boundary of the grid should be marked with one colour, and
inflow/outflow regions with another colour.

One should start with deciding the general structure of the grid: where the four sides of
the grid should be located. If outblocking is needed and possible, this should be
decided together with the location of the outblocking in the grid. Then one should start
drawing the grid, using a pencil and an eraser, as modifications are always needed.

One should preferably start making avery coarse grid, maybe with only 6-12 cells, and
making the grid finer afterwards. When drawing the grid, the following points should
be kept in mind:

1. Thegrid lines should follow the stream lines as much as possible

2. Thegrid line intersections should be as orthogonal as possible

3. The grid aspect ratio should not be too great

4. The grid expansion ratio should not be too great

5. There should be higher grid densities in areas with high velocity/concentration gra-
dients. In anot too complex part of ariver, the gradients in cross-streamwise direc-
tion arelarger than in the streamwise direction. The grid cells can then be longer in
the streamwise direction than in the cross-streamwise direction. An exampleis
given in the figure below, where the aspect ratio for the cells are above unity.

After having made the paper sketch of the grid, the tools of the CFD computer pro-
gram can be used to make the final grid. Note that the same points as given above
apply when using the grid tools of the CFD program.

12



2.6 Exercises

The following three line styles are used in

the sketches in the problems; Inflow Outflow  Wall

Problem 2.1

Make a sketch of a 2D structured non-orthogonal grid with 300 cells for the geometry
given below.

Problem 2.2

Make a sketch of a 2D structured non-orthogonal grid with 300 cells for the geometry
given below, without using outblocking.

13



Problem 2.3

Make a sketch of a structured non-orthogonal grid with 300 cells for the geometry
given below, but use outblocking for the groyne.

Problem 2.4

Make a sketch of a structured non-orthogonal grid with 500 cells for the geometry
given below. You may use outblocking.

14



Problem 2.5

Make a sketch of a structured non-orthogonal grid with 600 cells for the geometry
given below.

Problem 2.6

Make a paper sketch of a structured non-orthogonal grid with 2000 cellsfor acircular
cylinder with diameter 1.0 meters placed vertically in the centre of a4 meter wide and
10 meter long flume.

Problem 2.7

Use a CFD grid editing program and make the grid of Problem 2.6, with the aid of an
eliptic grid generator. Do not use attraction functions.

Problem 2.8

Repeat the grid generation procedure of Problem 2.7, but use attraction functions to
make the grid denser close to the anticipated gradientsin flow.

15



3. Calculation of sediment transport

This chapter describes methods to cal culate suspended sediment transport in a water
flow. The same methods can be used to calculate other parameters, for example water
quality constituents, temperature etc. It is often easier to understand the physics of the
problem when the unknown variable is a concentration of particles. Fluxes through
cell surfaces are easier to understand when one can imagine particles drifting with the
water through the cell surfaces.

The transport processes are described first, and then the numerical algorithms are
described. Note that the numerical methods described in this chapter are also used for
calculation of the water velocity field. However, thinking about this makes it more dif-
ficult to understand the methods, so the student should study this chapter first, and then
move to Chapter 4 afterwards, to learn more about the velocity field calculation.

3.1 Transport processes

There are two main transport processes for suspended sediment transport: convection
and diffusion. The convection of sedimentsis the transport by the average water veloc-
ity. The transport because of the fall velocity of the sedimentsis also atype of convec-
tive transport. When calculating the flux, F, through a given surface with area A, the
following formulais used:

F=c*U*A (3.1.1)

U isthe average velocity of the sediments normal to the surface, and c isthe average
sediment concentration over the area. The sediment velocity will be the sum of the
water velocity and the sediment fall velocity.

As an example, we can look at a uniform flow, with zero vertical water velocity. If the
surface is vertical, the sediment fall velocity component is zero normal to the surface.
Then the velocity U will be equal to the horizontal water velocity. If the surface is par-
allel to the bed/water surface, then the water velocity component normal to the surface
will be zero. The velocity U in Formula 3.1.1 will then be equal to the fall velocity of
the sediment particles.

The other processis the turbulent diffusion of sediments. Thisis due to turbulent mix-
ing and concentration gradients. The turbulent mixing processis usually modelled
with aturbulence mixing coefficient, I, defined as the sediment flux divided by the
concentration gradient:

FO

A

r=— 3.1.2
o (312

CoxC
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Normally, the convective transport will be dominating. But in some cases, the diffu-
sive transport isimportant. An exampleisthe reduced settling in asand trap because of
turbulence.

The processes and Formulas 3.1.1 and 3.1.2 will be used extensively in the following
description of the finite volume method.

3.2 The convection-diffusion equation

The convection-diffusion equation for steady sediment transport is:

U oc oc _ 0 0C[]

Ja_xj+ 0z ~ axj Ta_ij (3.2.1)

The sediment concentration is denoted ¢, wisthefall velocity of the particles, U isthe
water velocity, x is a space dimension and I isthe turbulent diffusivity. The three
directionsare x4, X, and xs, and the velocitiesin the three directionsare U,, U, and Us.

The Einstein summation convention/tensor notation is used, meaning repeated indexes
are summed over all directions. For three-dimensional flow this means that the equa-
tion can be written:

oc _,,0c , . oc, ocr, 9 dcr, 9 e
Uax tVay " Waz * az axBLTaxD ayBLTayD az0 1.0 (322

Here, X, y and zare used in the tree directions instead of Xy, X, and X3, and U, V and W
are used instead of U4, U, and Ua.

Equation 3.2.2 is used to describe the process of sediment transport. It isused in papers
and documentation, but it is not manipulated mathematically or used in any practical
way in the numerical modelling described here.

3.3 Discretization methods

The discretization described here is by the control volume method.
The main point of the discretization is:

To transform the partial differential equation into a new equation where the variable
in one cell isa function of the variable in the neighbour cells

The new function can be thought of as a weighted average of the concentration in the

17



neighbouring cells. For atwo-dimensional situation, the following notation is used,
according to directions north, south, east and west:

Cn, concentration in cell n

. C
Ce Cconcentration in cell e n
Cs concentrationin cell s

Cw Cp Ce

C,y concentration in cell w

. C
cp concentration in cell p S

8 : weighting factor for cell e
a,, . weighting factor for cell w
a, - weighting factor for cell n
a5 . weighting factor for cell s

8 = Bgtay*antas

The formula becomes:

_ St 3 A * s

P %

The weighting factors for the neighbouring cells ag, a,,, &, and ag are often denoted a,y;,

C

(33.1)

What we want to obtain are formulas for a,y,.

There are anumber of different discretization methods available for the control-vol-
ume approach. The difference isin how the concentration on a cell surfaceis calcu-
lated. Some methods are described in the following.

3.4 The First-Order Upstream Scheme

Thismethod is also called the First-Order Upwind Scheme, as it was developed first
for situations with air flow.

For anon-staggered grid, the values of the variables are given in the center of the cells.
Using the finite volume method, it is necessary to estimate variable values on the cell
surfaces. The main idea of the upstream methods is to estimate the surface value from
the upstream cell. The first order method usesinformation in only one cell upstream of
the cell surface. In other words: the concentration at a cell surface for the first-order
upstream method is the same as the concentration in the cell on the upstream side of
the cell side.

18



The control volume method is based on continuity of sediments. The basis of the cal-
culation isthe fluxes on a cell surface. The surface areais denoted A; the velocity at

the surface, normal toit, is denoted U; ¢ isthe concentration at the surface, and I isthe
turbulent diffusion at the surface.

The convective flux iscalculated as: U * A * ¢
The diffusiveflux iscalculated as: I * A * dc/ dx

The term dc/dx is calcul ated as the concentration difference between the cells on each
side of the surface, divided by the distance between the centres of the cells. Looking at
the west side of cell p, the following figure explains the variables:

Cn
A O
M ]Un
U
\ Yw Ze
A dy O > O > O
Cw Cw Co Me Ce
Us
rS
\ cO
- dX |
- | | |

The flux, F, through the west side of cell P then becomes:
West side: Fw = Uy, Ay, €y + Ty Ay (G - Cp) / dX

where A, isthe area of the cell wall on the west side, equal to Ay times the height of the wall.
For the other sides, the following fluxes are obtained:

Eastside: Fe = UgAgCp+ e Ag(Cy-Co) /X
Northside: Fn =Up A ¢+ T A, (Cy-cp) /dy
South side: Fs = UgAgCy+TsAg(Ccy-Co)/dy

19



The sum of the fluxesis zero, in other words: Fw-Fe+Fn-Fs= 0. This givesthefol-
lowing equation:

(MeAe/dx +UgAg+ Ty Ayl dx +Tn Ap/dy + UgAg+ TsAg/ dy) ¢y =
MNeAg/dxcet (Uy Ay +TyAy/dX) gy +
MgAg/dycg+ (U, Ap+ T AL/ dy) c, (34.1)

When we compare Equation 3.3.1 with Equation 3.4.1, we see they are the same. The
concentration in cell P isafunction of the concentration in the neighbouring cells. The
resulting weighting factors are:

o=l Ag/dx

ay = Uy Ay + My Ay ! dx

as=TsAg/dy

a=UpnAn+t A/ dy

8= FeAe/ X+ UgAg+ My Ay / dX +T 1 Ap/ dy + UgAg+ Mg A/ dy

The water continuity equation for the grid cell is:

UeAg- Uy Ay + Uy Ap- UsAg=0

or:

UgAe+ UL A= UsA + Uy, A,

If the above equation isinserted into the expression for ap, the equation
8 = dtaytantas

Is verified to be correct.

Note that the equations above are only valid if the velocity flowsin the same direction
as given on the arrows in the figure above.

For a 2D width-averaged sediment calculation in a sand trap, north-south direction is
often used asthe vertical direction. Further simplifications are:

- uniform the water flow
- negligible horizontal diffusion

Then, the vertical velocity is equal to the sediment particle fall velocity, w. Also, the

grid is orthogonal and two-dimensional, so Ao = A,, = dy, and A, = Ag=dx. The
weighting factors then become:

20



8=0.0

ay=Udy

as=1T dx/dy
a,=wdx+T dx/dy

3.5 The Power-Law Scheme

The Power-Law scheme (POW) is afirst-order upstream scheme, where the turbulent
term is reduced by multiplying it with afactor f. The factor f is between 0 and 1.

The formulafor f can be derived mathematically by solving the 1D convection-diffu-
sion equation analytically. The factor then becomes:

f= 1 (35.1)

-1
where Pe is the Pechlet number defined by:

Pe= pUL/T (35.2
L isthelength of the cell.

Early computers used relatively long time to calculate the exponential function of For-
mula 3.5.1. Instead, a power-function was used. This gave name to the Power-Law
scheme:

f= max[o, %—wg} (35.3)

Convergence of the solution is described in Chapter 3.7. The first-order upstream
method and the POW scheme converges relatively easy. A problem with thefirst order
upstream schemes can be large amounts of false diffusion. Thisis further described in
Chapter 3.8. To decrease the amount of false diffusion, while keeping some stability, a
second-order upstream method can be used. Thisis described in the following.

3.6 The Second Order Upstream Scheme

The Second-Order Upstream (SOU) method is based on a second-order accurate
method to cal cul ate the concentration on the cell surfaces. The method only involves
the convective fluxes, and the diffusive terms are calcul ated as before. The following
figure shows the calculation of the concentration on the west side of cell p: side W:

21



A Concentration W

C
v
- West wall W
. y
Ve
Cell ww - Cell w Cell p
o - O O dy
Cow - —
1 p U
- dx - ax - X
-

The cell on the west side of cell wiscalled cell ww. The concentration in this cell is
denoted c,,,,- The concentration in cell wis denoted ¢, and the concentration on side

W of cell pisdenoted cV. The SOU scheme uses the concentration in cell ww and cell
w to extrapolate linearly to side W. Given the width of the cell in the x-direction is dx,
and the height in the y-direction is dy, it is possible to derive aformulafor the concen-
tration on side W by triangulation:

(€W - ey (dx + 0.50X) = (G - Cyy) / 0IX
or

WV=32¢, - % Gy (3.6.1)

Equation 3.6.1 is only valid if the
cells are of equal size. If the expan- NN
sion ratio is different from unity, a

separate formula needs to be applied,

where the coefficients 3/2 and ¥ are N
given as a function of the expansio
ratio. W w P E EE

The calculation molecule now gets
nine cells, as shown in the figure to S
the right

The flux through the west side of cell
p then becomes:

West side: Fw = {J A, (3/2 Gy -1/2 Gyy) + Ty Ay (G - &) / dX

For the other sides, the following fluxes are obtained:

22



Eastside: Fe = UgAg(3/2¢,y-12¢y) + TgAg(Cy- Co) / dX
Northside: Fn =Up A (312¢y-Y2cyp) +Tp Ap(Ch-Cp) / dy
South sider Fs = UgAg(3/2¢,-U2cp) +TsAg(Cy-C9) / dy

Again, the equations are only valid for uniform water flow. The weighting factors
becomes:

o=l Ag/dx

ay=32U, A, +U2U, A + T, A,/ dx

ayw =- 12U, A, (3.6.2
as=TsAs/dy

a=3R2U A+ U2+T A,/ dy

an=-YV2U, A,

For the SOU scheme, Equation 3.3.1 now becomes:

- a\NCW * aece+ ancn * aSCS+ a\/VWCWW * anncnn

P %

c

(3.6.3)

3.7 The QUICK Scheme

QUICK isan acronym for the Quadratic Upstream Scheme. Instead of using a straight
line between cell w and cell ww, a second-order polynomial isused to fit a curve
through point ww, w and p. Thisis further described in the figure below:

A Concentration

Second-order polynomial
/ West wall W
Cw -/

o | '/
Cell ww Cell w Cell p
O O O dy
- A
- dx - dx - X
>
The curve follow the equation
c = ax®+bx+d (3.7.1)

With the boundary conditions
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c(0) = cpw (3.7.2
c(1) =
c(2) = ¢

Inserting the boundary conditions of Equation 3.7.2 into Equation 3.7.1, and evaluat-
ing the concentration ¢V at the wall as ¢(1.5) gives:

c"'=3/8¢c,+3l4cy, - UBCyy

Thisisthen used in the continuity equation as for the other schemes. For example:
West side flux: Fw = U,, Ay, (3/8 ¢y +3/4 ¢, -1/8 ) + Ty Ay (Cw - Cp) / OX
The remaining derivation of the weighting coefficients is |eft to the reader.

There exist alarge number of other discretization procedures. These differ in the way
the concentration on the cell surfaceis calculated. Extrapolation, interpolation and var-
ious number of neighbouring grid cells are used.

3.8 Flux limiter schemes

Some schemes, for example the SOU scheme, have the disadvantage of not being
bounded. The concentration in acell may become higher or lower than the concentra-
tion in the neighbouring cells. The reason is the negative coefficient for the cells far
away (&, and a,, in Equation 3.6.2). In a scheme with only positive coefficients, the

solution is always bounded.

In anot bounded scheme it is possible that negative sediment concentrations occur.
Thisisnot physically correct. The main idea of the flux limiter procedureisto limit the
concentration on a cell side to stay within certain limits. For example, the concentra-
tion on awall should never be below zero. Another popular criteriaisto limit the con-
centration to the values on the two cells neigbouring the cell surface.

The flux limiter procedure can be applied to both the SOU and the QUICK scheme.
Since the POW scheme is always bounded, a flux limiter scheme will have no effect.

A good description of flux limiter schemesis given by Tamamidis and Assanis (1993),
including examples with comparisons of different discretization methods with and
without flux limiters.

3.9 Simple turbulence models

The turbulence model determines the value of the sediment concentration diffusivity.
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The simplest turbulence model is the constant diffusivity model, when the turbulent
diffusivity is set constant throughout the computational domain. As an example, a
value of 1000 times the kinematic viscosity could be used. The approach isfairly
crude, but has nevertheless given reasonabl e results in some cases.

A better way to find the turbulent diffusivity for riversisto use the following formula:

M=o U H (3.9.1)

U isthe shear velocity and H isthe water depth. The parameter a isan empirical con-
stant. A value of 0.11 is often used (Keefer, 1971).

Equation 3.9.1 gives the maximum dif-
fusivity in avertical profile. Some theo-
retical solutions give aparabolic shape | r
of the profile, with zero at the water sur-
face and at the bed. However, measure-
ments (Naas, 1977) gave adightly 0.3H
different profile, as given on the figure Y

on the next page.

The diffusivity in the cell closest to the Vertical distribution of diffusion

bed is given by the following formula:

Mg =24U3 (3.9.2)

0 isthe distance from the bed to the centre of the bed cell. U is the depth-averaged
water velocity.

3.10 Boundary conditions

Boundary conditions are required on all boundaries for the sediment flow calculation.
The two most used types of boundary conditions are:

« Zerogradient
+ Dirichlet

Zero gradient boundary conditions means the derivative of the variable at the bound-
ary iszero. In other words, the value at the boundary isthe same asthe valuein the cell
closest to the boundary. For an iterative solution procedure, thisis straightforward to
program: For each iteration, set the boundary value equal to the value at the cell closest
to the boundary. This boundary condition is often used at the outflow boundary for the
sediment concentration calculation. It can aso be used at walls.

Zero gradient boundary condition is atype of Neumann boundary condition. A Neu-
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mann boundary condition is defined as a given gradient prescribed on the boundary.

Dirichlet boundary conditions means the values of avariable is given at the boundary.
For example, zero sediment concentration is usually set at the water surface. Also, at
the upstream boundary the sediment concentration has to be given.

One of the most challenging problems is the boundary condition for the sediment con-
centration at the bed. For ageneral calculation, the sediments should be able to both
settle and erode, depending on the shear stress at the bed, the sediment particle size
distribution, the in and outflow of sediments from a section and the availability of sed-
iments for erosion. This can be done in two ways.

A. Define a pick-up rate of sediments where erosion occur.
B. Use an equilibrium concentration in the cell close to the bed.

Method B is used in the SSIIM program, so thisis further described in the following
text. The theory of equilibrium concentration at the bed wasfirst described by Einstein
(1950), in hisformulafor sediment transport. The method has since then been
expanded by Toffalletti, and the latest contribution is from van Rijn (1987). Van Rijn
made a formulafor the equilibrium concentration at the bed:

d 15
¢ = 0.015-2T _ (3.10.1)
a p23

The parameter a is the distance from the concentration point to the bed, the mean sedi-
ment particle diameter isdenoted dsg, T = (t1-1)/ T, where T isthe shear stress, 1. isthe
critical shear stress for movements of sediment particles, and D is given by:

1

_o. 3

D, = dw{ps pzw}
PV

(3.10.2)

Here, psisthe density of the sediment, p,, isthe density of water and v isthe kinematic
viscosity of water.

Thisformulaisused in the cells close to the bed, as a boundary condition at the bed.

3.11 Time-dependent calculations

Time-dependent cal culations involves an extra term in the convection-diffusion equa-
tions, resulting in:
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oc, |, 9¢, 0 _ 0 g o
at Ujaxj TWaz T 0% Taij (311.1)

Thetimeterm isadded as an extra source termsin the discretized equation, integrating
over the cdlls.

The discretization procedure for time-dependent cal cul ation often involves the ques-
tion of an explicit versusimplicit procedure. The following figure explainsthis, for a
one-dimensional time-dependent case. The north-south direction has been replaced by
the time dimension.

Time
4 T Cp Cw Cp Ce
C
4 Ta Cw Co Ce p
Explicit method Implicit method Space
>

Given the starting values, the question is how to calculate the unknown c,, at time step
I asafunction of ¢, at the previous time step and as afunction of the neighbour values
Cy and c.. An explicit method is the easiest, because then the neighbour values are
aready known. In an implicit method the neighbour values are unknown, and a more

complicated solver is needed. The implicit method is, however, more stable than the
explicit method.

Also for steady-state solutions, iterations are needed, and the calculation procedure
resembl es the time-dependent solution. It is also then possible to use implicit or
explicit solvers.

3.12 Stability and convergence

The discretization schemes given in Chapter 3.2 are all fairly stable for the calculation
of sediment concentration. However, other schemes developed earlier were not so sta
ble. The classical exampleisthe central-difference scheme. In this method, the flux on
acell wall is calculated by interpolation between the cells on the two sides. The figure
below shows the estimation.
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Concentration

Cp
The flux through side W is
then: N — — — — — — —

West side: Fw = 05U, A, W

(va +Cp)+rWAW (Cw'cp)/ Cell w Cell p

The same calculation for the
other sides gives:

East side: Fe = 0.5UgAc(Cyy +Cp) + T Ag(Cy-Cy) / dX
North side: Fn = 0.5Up A (€ +Cp) + T Ay (Cq-Cp) / dy
South side: Fs = 0.5 UgAg(Cs +Cp) +TsAg(Cp-cg / dy

Continuity gives Fw-Fe+Fn-Fs=0.
The coefficients become:

86 =-05UgAg+ Mg Ag/ dx
ay=05Uy A, + Ty A,/ dx
as=-05UgAg+ MgAg/ dy
a,=05U, A, + T, A,/ dy

8y=-0.5Uy, Ay + Ty Ayl dx + 0.5 Ug Ag+ Mg Ag/ dx
-05Up Ap + T Ap/ dy + 05 U Ag T Ag/ dy

Applying continuity, the following simplification can be done for a:
= MeAe/dx+TeAc/dX +I Ayl dy + TsAg/ dy

Looking at for example &, if the diffusivity islow compared with the velocity, thereis
achance that a, can become negative. A negative weighting factor is not physically

realistic, and this causes instabilities. The minimum value of the diffusivity before
instability occur can be calculated by setting the weighting factor to zero.

8.=-05UAg+TAg/dx =0
This gives the following minimum viscosity to avoid instabilities:

M emin = 0.5 Ug dx
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Schemes based on the central-difference scheme or similar ill-formulated numerical
schemes will require adding extra diffusivity to the solution in order to become stable.
Thisiscaled artificial diffusivity, and comesin addition to the physical diffusivity.
The disadvantage with adding artificial diffusivity isthat the increased diffusivity it
may give adifferent final result than what the natural diffusion would give.

There are usually no problems with convergence for calculation of sediment concen-
tration based on upstream schemes.

3.13 False diffusion

False diffusion is due to the approximations in the convective terms in the discretiza-
tion schemes. More specifically, how the concentration on the cell sideis calculated.
The effect is best shown with a coarse grid and steep gradients, for example the fol-
lowing situation:

A sand trap is calculated with 5 x 5 cellsin the vertical and horizontal direction,
respectively. The cells are 1 meter high and 5 meters long. The water velocity is0.3 m/
s, and the sediment fall velocity is 6 cm/s. The sediments are added from a point
source at the water surface, over alength of 5 meters. Thereis no turbulence! This
givesthe following theoretical concentration profilein the flow:

AAAA]

The concentration is unity along a band in the flow. The concentration is zero else-
where.

The first-order upstream scheme is used to calculate the concentration. The following
coefficients are obtained:

&=006*5=0.3
a,=03*1=03
a,=0.0
8=0.0
a8,=06

Thisgivesa/a, = 0.5 and a,/a, = 0.5. In other words, the concentration in acell isthe
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average of the concentration in the cell above and in the cell upstream. The boundary
condition is a concentration of unity in one cell at the surface, and zero concentration
in the other surface cells and the inflow cells. The following result is obtained:

iy

0.5 0.25 0.125 0.0625 | 0.0313 0.0156
0.0 0.25 0.25 0.188 0.125 0.0781 0.0469
0.125 0.188 0.188 0.156 0.117 0.0820
0.0625 0.125 0.156 0.156 0.137 0.109
0.0313 0.0781 0.117 0.137 0.137 0.123

Grid with concentration values

The maximum concentration has decreased from unity to 0.137 at the bed. It has also
been smeared out over severa cells at the bed.

False diffusion can be avoided by:

« using higher order schemes
« aligning the grid with the flow direction
+ increasing the number of grid cells

3.14 Spreadsheet programming

Given the water flow field, it is possible to make a spreadsheet for calculation of the
sediment concentration. One application isto calculate the trap efficiency of a sand
trap. Then atwo-dimensional width-averaged approach is used. A structured orthogo-
nal grid isused, where each cell inthe grid is ssmulated by a cell in the spreadsheet. If
auniform water velocity and turbulence field can be assumed in the vertical direction,
then the same &, coefficients can be used for al the cells. A more advanced approach
Isto use alogarithmic velocity distribution, and a given distribution of the eddy-vis-
cosity.

If the ssimpler approach is used, the coefficients a,,, can be calculated before the pro-

gramming starts. Thisis based on the formulas given previously, and a chosen number
of grid cells. The grid is structured, orthogonal and all cells have the same size.

A figure of this spreadsheet is given below, with 9 cellsin the vertical direction, and 12
cellsin the horizontal direction. The size of the grid can of course be changed accord-
ing to the dimensions of each problem.
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Table 1: Spreadsheet programming

A B C D E F G H I J K
1 0 0 0 0 0 0 0 0 0 0
2 X Y
3 X Y
4 X Y
5 X Y
6 X Y
7 X Y
8 X Y
9 X Y
10 | X Z Z Z Z Z Z Z Z Z Y

The cells marked X are inflow boundary conditions. These arethe A2..A10 cdlls. A
concentration valueis given in these cells. A constant value can be given, or it iS possi-
ble to use aformula for the vertical distribution of the concentration.

The cells marked 0 is the boundary condition at the water surface. Thisis zero.

The cellsmarked Y isthe outflow boundary condition. If the horizontal diffusionis
assumed to be zero, the values in these cells will not affect the computation. If the hor-
izontal diffusion isnon-zero, a zero gradient boundary condition can be used. Then the
formulain these cells should be:

Cdl K2: +J2
Cell K3: +J3

Cell K10: +J10

The cells marked Z is the bed boundary condition. A formulafor the equilibrium sedi-

ment concentration can be used, for example van Rijn’s formula. However, often the
shear stress is below critical at the bed of the sand trap, giving zero concentration. This
will not be correct, as the sediment concentration at the bed will always be higher than
the cell above. Therefore, the concentration can be set equal to the concentration in the

cell above.

(Note that a more detailed calculation will give a very low diffusion coefficient close
to the bed of the sand trap, meaning the concentration in the cell above the bed is inde-
pendent of the concentration in the bed boundary. For a simplified calculation, the dif-
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fusion coefficient is significant. Then the same result is obtained if zero gradient
boundary condition is used.)

Cell B10: +B9
Cell C10: +C9

Cell J10: + J9

The discretized formula now has to be given in all the remaining interior cells. Asan
example, the following data is assumed:

a,=01
&=02
ag=0.006
a,=0.002
3,=0.308

Starting in cell B2, we give the following formula:
+(0.1* a2+0.2* b1+0.006* c2+0.002* b3)/0.308

Thisformulais copied to al the interior cells, from cell B2 to J9. Afterwards, the cal-
culation hasto be repeated some times to get convergence. The repetition is dependent
on the particular spreadsheet program. For Lotus 123, use F9 on the keyboard repeat-
edly. For MS Excel, use the menu Tools, Options, Calculations, and cross off Itera-
tions, and give a number in the edit-field, for example 50.

Thetrap efficiency is calculated by first summing the inflow and the outflow:

Inflow: sum of cells A2..A10
Outflow: sum of cellsK2..K10

Trap efficiency = (Inflow-Outflow)/Inflow

3.15 Exercises

Problem 3.1

Determine the sediment trap efficiency in adesilting basin, 60 m long, 4 mwide and 3

m deep. The water inflow is 3 m%/s, and the sediment particles have a diameter of 0.2
mm.

Use atwo-dimensional numerical model with afirst-order upstream scheme, and a
minimum of 200 cells. Neglect entrance effects and assume uniform flow. Also
assume constant vertical distribution of velocity and eddy-viscosity. Assume constant
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vertical sediment concentration distribution at the inflow boundary. The temperatureis
20 degrees Centigrade. A Manning’s value of n=0.013 can be assumed.

Problem 3.2

Do the same calculation as problem 1, but use four times as many grid cells. What is
the trap efficiency? Why does it change compared with the result from Problem 1?

Problem 3.3

Do the same calculation as problem 1, but use the SOU scheme instead. What is the
trap efficiency? Why does it change compared with the result from Problem 17?

Problem 3.4

Expand problem 1, taking into account the vertical distribution of velocity and sedi-
ment diffusivity. What is the change in trap efficiency? What are the main physical
reasons for the change?

Problem 3.5

Derive the weighting coefficient for the Central-difference scheme in detalil.

Problem 3.6

Carry out the detailed derivation of the weighting coefficient for the SOU scheme. Can
negative coefficients occur? Will this lead to stability problems?
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4. Calculation of water velocity

This chapter describes the solution procedures for the Navier-Stokes equations. These
equations describe the water velocity and turbulencein ariver or a hydraulic system.

4.1 The Navier-Stokes equations

The Navier-Stokes equations describe the water velocity. The equations are derived on

the basis of equilibrium of forces on asmall volume of water in laminar flow. For tur-

bulent flow, it is common to use the Reynolds’ averaged versions of the equations. The
Reynolds’ averaging is described first.

We are looking at a time series of the velocity at a given location in turbulent flow:

AU

LN ANNA /\/\,—\ /

VY N NS
Time

The velocity is divided into an average value U, and a fluctuating value u. The two
variables are inserted into the Navier-Stokes equation for laminar flow, and after some
manipulations and simplification the Navier-Stokes equation for turbulent flow
emerges:

! — = ZZ(=P&. —pu.u 4.1.1

T o paj( P3;; —pu;u;) (4.11))

P is the pressure ay] is the Kronecker delta, which is 1 if i=j and O#fji The last

term is the Reynolds stress term, often modelled with the Boussinesq’ approximation:

U .
—pui = vaEgX —— kd

3p ] (4.1.2)

The variable k is the turbulent kinetic energy. This is further described in Chapter 4.3.
Inserting Equation 4.1.2 into Equation 4.1.1 and regrouping the variables:

i i_ 19 oy, oU;
WHJ,OX N pax[ ED k%S'JJrVTa +VT6X}

There are basically five terms: a transient term and a convective term on the left side of

(4.1.3)
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the equation. On the right side of the equation thereis a pressure/kinetic energy term, a
diffusive term and a stress term. Important note:

The convective and diffusive term are solved with the same methods as the solution of
the convection-diffusion equation for sediment transport. The difference isthat the
sediment concentration is replaced by the velocity.

The stress term is sometimes neglected, as it has very little influence on the solution
for many cases. The pressure/kinetic energy term is solved as a pressure term. The
Kinetic energy is usually very small, and often negligible compared with the pressure.

A difference between Equation 4.1.3 and the convection-diffusion equation for sedi-
ments is the diffusion coefficient. Equation 4.1.3 includes an eddy-viscosity instead of
the diffusion coefficient. The relationship between these two variablesis:

vr=Scr (4.1.4)

where Sc is the Schmidt number. Thisisusually set to unity, meaning the eddy-viscos-
ity is the same as the turbulent sediment diffusivity.

This leaves the problem of solving the pressure term. Several methods exist, but with
the control volume approach, the most commonly used method is the SIMPLE
method. Thisis described in the next chapter.

4.2 The SIMPLE method

SIMPLE is an abbreviation for Semi-Implicit Method for Pressure-Linked Equations.
The purpose of the method isto find the unknown pressure field. The main ideaisto
guess avalue for the pressure and use the continuity defect to obtain an equation for a
pressure-correction. When the pressure-correction is added to the pressure, water con-
tinuity is satisfied.

To derive the equations for the pressure-correction, a special notation is used. The ini-

tially calculated variables do not satisfy continuity and are denoted with an index *.

The correction of the variables is denoted with an index ‘. The variables after correc-
tion do not have a superscript. The process can then be written:

P=P*+P (4.2.1)
U= Ut + Uy (4.2.2)

P is the pressure andlis the velocity. The indek on the velocity denotes direction,
and runs from 1 to 3 for a 3D calculation.

Given guessed values for the pressure, the discretized version of the Navier-Stokes
equations is:
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a,Ut, = 3 ;U + By, - %A{(aa%[% (4.2.3)
nb

The convective and diffusive terms have been discretized as described in Chapter 3.
The variable B contains the rest of the terms besides the convective term, the diffusive
term and the pressure term. In the pressure term, A is the surface area on the cell wall,
and ¢ isanindex for the non-orthogonal coordinate system, described in Chapter 2.1.

The discretized version of the Navier-Stokes equations based on the corrected vari-
ables can be written as:

j 0P
Uy = 3 anpUns + By, — %ALEE (4.2.4)
nb
If this equation is subtracted from Equation 4.2.3, and the two Equations 4.2.2 and

4.2.3 are used, the following equation emerges for the velocity correction:

0 0
0 A 5

U’ = Kk OPH (4.2.5)
g
1) % 0

The SIMPLEC method uses the formula above. The SIMPLE method omits one term
in the above equation:

A 5p0
U’ = ox2% (4.2.6)
P 0% 980

The above equations give the vel ocity-corrections once the pressure-corrections are
known. To obtain the pressure-corrections, the continuity equation is used for the
velocity correction for acell:

Y AU =0 (k=1,2,3) (4.2.7)
nb

Equation 4.2.6 isinserted into Equation 4.2.7. The result is an equation of the follow-
ing form:

a,P, = Zaan’nb +b (4.2.8)
nb
The source term, b, in Equation 4.2.8 turns out to be the water continuity defect. The
equation is solved in the same way as the other equations.
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The procedure is therefore:

Guess a pressure field, P*

Calculate the velocity U* by solving Equation 4.2.3
Solve equation 4.2.8 and obtain the pressure-correction, P’
Correct the pressure by adding P’ to P*

Correct the velocitied* with U’ using equation 4.2.6.
Iterate from point 2 to convergence

o uk~wbdpE

An equation for the pressure is not solved directly, only an equation for the pressure-
correction.The pressure is obtained by accumulative addition of the pressure-correc-
tion values.

The SIMPLE method can give instabilities when calculating the pressure field. There-
fore, the pressure-correction is often multiplied with a number below unity before
being added to the pressure. The number is arelaxation coefficient. The value 0.2 is
often used. The optimum factor depend on the flow situation and can be changed to
give better convergence rates. Relaxation coefficients are further described in Chapter
4.5.

Regarding the difference between the SIMPLE and the SIMPL EC method, the SIM-
PLEC should be more consistent in theory, as amore correct formulais used. Looking
at Equations 4.2.5 and 4.2.6, the SIMPL E method will give alower correction than the
SIMPLEC method, as the denominator will be larger. The SIMPLE method will there-
fore move slower towards convergence than the SIMPLEC method. If there are prob-
lems with instabilities, this can be an advantage.

A more detailed description of the SIMPLE method is given by Patankar (1980).

4.3 Advanced turbulence models
The following chapter is arather brief overview of advanced turbulence models. The

reader isreferred to White (1974) and Rodi (1980) for more detailed description of tur-
bulence and turbulence models.

In chapter 4.1, the Boussinesq approximation was introduced for finding an expression
for the Reynolds’ stress term:

_ U JdU- 2
—puiuJ-:vag)—Xj' 6—)(:5—§pk5ij (4.3.1)

v is the turbulent eddy viscosity.
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Note:

The kinematic viscosity is a fluid property, while the turbulent eddy-viscosity depends
of the velocity field.

Some simpler turbulence models were described in Chapter 3. These models require
calibration before being used on new cases.

Thek-£ modd

The k-e model models the eddy-viscosity as:

vy = Cul(é (4.32)
3

k is turbulent kinetic energy, defined by:

kK=iuu 433

=5y, (4.3.3)

k ismodelled as:

ok , .9k _ 0 ¥1okQ 434

at " Yiax, T ax Cpax 0’ Tk E (4.34)
where P, is given by:

oU; U)U -
| _ID
P v ox; Lox; -~ ax;U (439

The dissipation of k is denoted €, and modelled as:

0, , 08 _ 0 Yroeq, e

at " iox, ~ ox;Lo,ox0 Cslkpk+C€2k (4.36)
The constants in the k-€ model have the following standard values:
¢, =0.09
CEl =144
Cep=1.92 (4.3.7)
Ok = 1.0
o.=13
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The main advantage of the k-€ model is the almost universal constants. The model can
thereby be used on a number of various flow situations without calibration. For river
engineering this may not always be the case, because when friction along the bed is
influencing the flow field, the roughness of the bed also needs to be given. If the
roughness can not be obtained from direct measurements, it has to be calibrated with
measurements of the velocity.

As seen from Equation 4.3.1, the eddy-viscosity isisotropic, and modelled as an aver-
agefor al three directions. Schall (1977) investigated the eddy-viscosity in a labora-
tory flumein three directions. Hiswork shows that the eddy-viscosity in the
streamwise direction is almost one magnitude greater than in the cross-streamwise
direction. A better turbulence model could therefore give more accurate results for
many cases.

M ore advanced tur bulence models

To be able to model non-isotropic turbulence, a more accurate representation of the
Reynolds stressis needed. Instead of using the Boussinesq approximation (Equation
4.3.1), the Reynolds’ stress can be modelled with all terms:

uu vu vu

_puiuj = —p uv V_V m (438)

uw vw ww

The following notation is used:is the fluctuating velocity in direction ¢ s the fluc-
tuating velocity in direction 2 and is the fluctuating velocity in direction 3.

The nine terms shown on the right hand side of Equation 4.3.8 can be condensed into
six different terms, as the matrix is symmetrical. A Reynolds’ stress model will solve
an equation for each of the six unknown terms. Usually, differential equations for each
term are solved. This means that six differential equations are solved compared with

two for thek-€ model. It means added complexity and computational time.

An alternative is to use an Algebraic Stress Model (ASM), where algebraic expres-
sions for the various terms are used. It is also possible to combike thedel with
an ASM to obtain non-isotropic eddy viscosity (Rodi, 1980).

An even more advanced method is to resolve the larger eddies with a very fine grid,
and use a turbulence model only for the smaller scales. This is called Large-Eddy Sim-
ulation (LES). If the grid is so fine that sub-grid eddies do not exist because they are
dissipated by the kinematic viscosity, the method is called a Direct Solution (DS) of
the Navier-Stokes equations.

Note that both LES and especially DS modelling require extreme computational
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resources, which presently is not feasible for engineering purposes.

4.4 Boundary conditions

Boundary conditions for the Navier-Stokes equations are in many ways similar to the
solution of the convection-diffusion equation. In the following text, adivision in four
partsis made: Inflow, outflow, water surface and bed/wall.

I nflow

Dirichlet boundary conditions have to be given at the inflow boundary. Thisisrela
tively straightforward for the velocities. Usually it is more difficult to specify the tur-
bulence. It is then possible to use a simple turbulence model, like Equation 3.4.1 to
specify the eddy-viscosity. Given the velocity, it is also possible to estimate the shear
stress at the entrance bed. Then the turbulent kinetic energy k at the inflow bed is
determined by the following equation:

k= ——= (4.4.1)

p./C,

This equation is based on equilibrium between production and dissipation of turbu-
lence at the bed cell.

Given the eddy-viscosity and k at the bed, Equation 4.3.2 gives the value of € at the
bed. If kis assumed to vary linearly from the bed to the surface, with for example half
the bed value at the surface, Equation 4.3.2 can be used together with the profile of the
eddy-viscosity to calculate the vertical distribution of €.

Outflow
Zero gradient boundary conditions can be used at outflow boundariesfor al variables.
Water surface

Zero gradient boundary conditions are used for €. The turbulent kinetic energy, k, is set
to zero. Symmetrical boundary conditions are used for the water velocity, meaning
zero gradient boundary conditions are used for the velocities in the horizontal direc-
tions. The velocity in the vertical direction is calculated from the criteria of zero water
flux across the water surface.

Bed/wall

The flux through the bed/wall is zero, so no boundary conditions are given. However,
the flow gradient towards the wall is very steep, and it would require a significant
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number of grid cellsto dissolve the gradient sufficiently. Instead, awall law is used,
transformed by integrating it over the cell closest to the bed. Using awall law for
rough boundaries (Schlichting, 1980)

U _ 1,300 (4.4.2)

also takes the effect of the roughness, kg, on the wall into account. The velocity is
denoted U, ux isthe shear velocity, K is acoefficient equal to 0.4 and y is the distance
from the wall to the centre of the cell.

Thewall law is used both for the velocities and the turbulence parameters. Thisis

described in more detail by Rodi (1980).

4.5 Stability and convergence

It isgenerally much more difficult to obtain a stable solution for the water flow calcu-
lation than for the sediment cal culation.

A number of factors are important to get the solution to converge. The upstream meth-
ods and implicit solvers described in Chapter 3 areimportant. Additionally, some other
numerical methods to improve convergence are described in the following.

Relaxation

The main principle in the solution of the equations are to obtain an improvement of a
guessed velocity field. Starting with the guessed values, several iterations are done to
improve the result. For each iteration, a new guess is made. Let us say that we have
finished iteration i-1 and i, and we are looking at what variables, v, we should use
when starting iteration i+1. An obvious choice is of course the variables at iterationi.
However, introducing the relaxation coefficient, r, instead we use:

v=r*vp + (1) * viq (45.1)
The relaxation coefficients should normally be between 0 and 1.

Relaxation will give a slower convergence speed towards the final solution, but there
will be lessinstabilities. If the solution diverges or does not converge because of insta-
bilities, anormal measure isto lower the relaxation coefficients.

Multigrid and block-correction
The purpose of the multigrid methods is to speed up the convergence of the solution.

The main principleisadivision of the grid several coarser sub-grids. Thisis shown in
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the figure below:

Coarsegrid Finegrid

The solution isfirst iterated once on the coarse grid. It is then extrapolated to the finer
grid, where it isiterated further. Then it is extrapolated to the finest grid, where more
iterations are done. The solution isinterpolated to the medium fine grid, where more
iterations are done. Then thisis interpolated to the coarse grid, and computed again
with more iterations. The sequence is repeated until convergence. There are transfor-
mation functions moving the variables from one grid to the other by extrapolation/
interpolation. When the finest grid has a high amount of cells, it is possible to have
severa grids with varying number of grid cells.

A version of the multigrid method is called block-correction. For a two-dimensional
situation, the grids then look like this:

Original grid Coarsegrid | Coarsegrid Il

The iterations are started on the original grid. Then all variables are summed in adlice
of the grid, so that a one-dimensional grid emerges. Thisis solved, and theresult is
used to correct the original values. Thisisrepeated in all directions, shown here with
two coarse grids, for atwo-dimensional situation.

The Rhieand Chow interpolation

Using a non-staggered (Chapter 2.1) variable location, all variables are calculated in
the centre of the cells. This causes oscillations in the solution and instabilities. The
staggered grid was invented to avoid these oscillations. Then the pressureis calculated
between the centres of the grid cells. There are severa problems with this variable
arrangement, especially for non-orthogonal grids. The Rhie and Chow interpolation
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was invented to avoid the instabilities and still use a non-staggered grid. The interpola-
tion givesthe velocity on the cell surface. Thisvelocity is used to calculate the flux on
the cell surface.

A derivation of the Rhie and Chow interpolation procedure is quite involved, and the
reader isreferred to Rhie and Chow (1983). The main ideais to use information about
pressure gradients in staggered and non-staggered positions. The resulting interpola-
tion formulaisafunction of the linearly interpolated velocity plus aterm dependent on
the pressure gradients, cell areas and the ay, coefficient.

The Rhie and Chow interpolation can be interpreted as an addition of 4™ order artifi-
cial diffusion.

The Rhie and Chow interpolation is used in most CFD programs using the finite vol-
ume method, the SIMPLE algorithm and non-staggered grids.

Note that the Rhie and Chow interpolation has given problems for some cases where
there are large source termsin the Navier-Stokes equations (Olsen and Kjellesvig,
1998b). In these cases there are significant forces on the water in addition to the pres-
sure, for example from gravity.

4.6 Exercises

Problem 4.1:

Apply the SSIIM model to the example with the sand trap: Tutorial 1 in the User’s
Manual. Note how many iterations are required for convergence of the Navier-Stokes
equations, and how long time it takes on your PC.

Problem 4.2:

Repeat the calculation in Problem 1, but this time use block-correction for all equa-
tions. How many iterations are now needed, and how long time does this take?

Problem 4.3:

Repeat the calculation as in Problem 1, but this time change the relaxation factors first
to 1.0 for all the equations. How many iterations are needed?

Again, change the relaxation coefficients to 0.5 for all equations. How many iterations
are needed?

Change the relaxation coefficients to 0.3 for velocity, 0.1 for pressure and 0.2 for k and
€. How many iterations are needed?



Problem 4.4:

Repeat the calculation in Problem 1, but this time reduce the influence of the Rhie and
Chow interpolation by the using the F 21 data set. Set thisto 0.5 for one run and 0.0 for
the next run. How does the Rhie and Chow interpolation affect the resulting trap effi-
ciency? And how many iterations are needed?

Problem 4.5:

Repeat the calculation in Problem 1, but this time use uniform upstream and down-
stream velocity profile. Thisis done by using the G 7 data sets. How does this affect
the convergence rate and the resulting trap efficiency? What are the reasons for the
change?

Problem 4.6:

Repeat the calculation in Problem 1 twice, using aroughness of 2 cmand 0.1 mm. This
Isdone by giving the roughnessin the F 16 data set. How does the roughness affect the
trap efficiency and calculation time? What is the reason for the change?

Problem 4.7:

Calculate the water flow for the fish farm tank example with SSIIM. How many itera-
tions are needed? Remove the G 8 data set with initial velocities in the control file.
What happensin the calculations and why? How isit possible to make the calcul ations
converge without lowering the initial water velocities?



5. Short review of the finite element method

In the previous chapters, the finite volume method has been described. Many CFD
programs use the finite element method instead. The finite element method is more
mathematically oriented, and more difficult to explain by physical processes. A short
review is given, where some of the characteristic expressions are described. For a
more detailed review, several books can be consulted, for example Taylor and Huges
(1981).

The calculation points, or nodes, on afinite ele-

ment can look like the figure on theright for an ele- o7 U6 9°
ment with nine nodes:
Elements can also have for example four nodes, O8 Og 91
with nodes in the corners only.
The variation of avariable, ¢, on an element sur- 0O L @) 2 3@
face is given by the following formula: Calculation pointsin a finite
element
m
Q= Z So (5.2

i=1
The sumisover al the m nodes of the element, for example four or nine. The variable
Sisaninterpolation function, and it is the same for all the elements. The interpola-
tion function is a polynomial, and a function of the node location on the element. S
becomes an array with four or nine elements, depending on how many nodes there are
on the element.

The interpolation function describes the variation of a variable over the surface of the
cell. If the chosen function is a constant, we get the same distribution as used in the
finite volume method.

The finite element method can be formulated in different ways. Often aweighed
residual method is used. Then the basic equations are multiplied with aweighting
function, W, and integrated over the element. A Galerkin formulation is used if the
weighting functions are equal to the interpolation functions (S=W). The result of the
integration is aresidual, which is minimized. The equation with the residual is called
theresidual equation.

A term often encountered in the finite element method is the weak for mulation. This
means that when formulating the equation system, there are no restrictions that the
derivative of the unknown need to exist on the surface between elements, as opposed
to the original differential equations. The Galerkin formulation is a weak formulation.
The main effect of the weak formulation is that mass continuity need not be satisfied
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automatically in the solution procedure.

After integration over an element, there will be one equation with nine/four unknown
for each element. For all the n elementsin the grid there will be n number of equations
and unknowns. Note that ailmost al the variables are given on the border of acell,
meaning the variable in a point is used in more than one equation. The system of
unknown and equations can be set up in amatrix A of unknown coefficients, multi-
plied with amatrix B with the variable and the result set to zero. The size of A isnxn,
and the size of B is 1xn.

A finite element method often uses an unstructured mesh. This means that the matrix
A issparse. To solve the system of equations, the matrix needsto beinverted. Thisisa
fairly time-consuming procedure. A good solver istherefore essential in the finite ele-
ment method.

Using the finite volume method with a structured grid, there will be a banded structure
inmatrix A, and also fewer non-zero elements for each row. This meansin principle
less storage requirement and a much simpler solver.

Also note that the finite element method will give similar problems with stability as
the finite volume method. Implicit solvers, high-order upstream schemes etc. is more
difficult to formulate with the finite element method than the finite volume method.
Thisespecially appliesto an unstructured grid, where it isdifficult to derive an implicit
high-order upstream procedure.

Many finite element programs have employed various techniques to try to overcome
these problems, with varying degree of success. The debate of which method is better,
the finite volume method or the finite element method, is presently still ongoing. How-
ever, amost all commercial genera-purpose 3D CFD models uses the finite volume
method.
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6. Short review of advanced CFD programs for hydraulic engi-
neering

The evolution of CFD programsis progressing very rapidly. The following review is
based on experiences from 1990-1999 and information from literature and the Internet.
Thisinformation will change rapidly as programs evolve and new programs emerge.

The presentation includes both 2D and 3D models. Some of the models are also quasi-
3D. Thismeans that hydrostatic pressure is assumed, the models should not be used
for bed slopes over 1:10 in the flow direction.

Simpler CFD programs are omitted, and only more advanced models are presented,
starting from 2D models with non-orthogonal grids to 3D models. Also, some
advanced CFD programs have been omitted asthey are not available to the public, and
are therefore of less interest. Models used mostly for the marine environment and
hydraulic machinery are also omitted.

The price of aprogram can be related to the cost of a computer. In the price range used
in the following text, arelatively inexpensive program is priced in the samerange as a
PC, and arelatively expensive program is priced in the same range as a high-end
UNIX workstation.

6.1 SSIIM

SSIIM is an abbreviation of Sediment Simulation In Intakes with Multiblock option.
The program ismade for use in hydraulic and sedimentation engineering. It is based on
the control volume approach with a 3D structured non-orthogonal grid. The Navier-
Stokes equations are solved, and also the convection-diffusion equation for sediment
transport.

SSIIM has been used in a number of studies relating to water flow and sediment trans-
port in river and hydropower engineering. Thisincludes trap efficiency of sand traps
and hydropower reservoirs, turbidity currents, erosion and local scour, flood waves,
head loss and spillways.

More information about SSIIM is available on the WWW pages:
http://www.sintef.no/nhl/vass/vassdrag.html

SSIIM runs only on PC’s and it is freeware.
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6.2 FLUENT

FLUENT isageneral purpose finite volume program made by Fluent Inc. The original
program was based on a 3D structured non-orthogonal grid, but the most recent ver-
sion also has unstructured 3D grids.

Fluent has been used for head loss in a hydropower tunnel gate plug (Olsen and Older-
vik, 1995).

More information about FLUENT can be found on the WWW page:
http://www.fluent.com

FLUENT runs on UNIX workstations and it is relatively expensive.

6.3 FIDAP

FIDAPisageneral purpose 3D finite element program, currently owned by Fluent Inc.
It was originally made for structure analysis, but it has been expanded to flow model-
ling. The program can use both structured and non-structured grids.

FIDAP has been used for modelling release of water from a hydropower plant to the
sea and head loss in a hydropower tunnel gate plug (Olsen and Oldervik, 1995).

More information about FIDAP is available on the WWW page:
http://www.fluent.com/

FIDAP runs on UNIX workstations and it is relatively expensive.

6.4 STAR-CD

STAR-CD isageneral-purpose 3D commercia program made by Computational
Dynamics Inc. It can use both structured and unstructured grids, with combinations of
tetrahedral and hexahedral cells. The grid can be non-orthogonal and nested grids can
be used. Of special interest in hydraulic engineering isits ability to model cavitation.

STAR-CD has been used to calculate the coefficient of discharge for a spillway (Yang,
1998).

More information about STAR-CD is given on the WWW page:
http://www.cd.co.uk

STAR-CD runs on both Windows NT on a PC and on UNIX workstations. It isrela-
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tively expensive for acommercial license, but less expensive for an academic user.

6.5 TELEMAC

TELEMAC isafinite element program made by for both 2D and quasi 3D flow in
hydraulic engineering. It is made by Laboratorie National de Hydraulique in France.
The hydrostatic pressure assumption is used for the 3D calculations.

TELEMAC has been used in a number of studies of rivers. It has also been used for
calculating the flood wave from the Mal passet dam break, with good comparisons with
observed values (Hervouet et. al., 1993).

More information about TELEMAC is given on the web page:

http://www.hrwallingford.co.uk/software/telemac
TELEMAC runson UNIX workstations and it is relatively expensive. Academic insti-
tutions may get a significantly reduced price.

6.6 FLOW-3D

FLOW-3D isageneral-purpose finite volume program made by Flow Science Inc. The
program is using a 3D orthogonal grid. There are several options and possibilitiesto
block out cells or parts of cells. The program has a very good multiphase option, mak-
ing it particularly well suited for calculation of time-dependent flow with free surface.
Flow in a Parshall flume, including a good estimation of the water surface was first
calculated using FLOW-3D. See the WWW page:

http://ogee.do.usbr.gov/wc/wm/numerical .html

The program has also been used for calculation of spillways, flood waves from dam
breaks and hydraulic jumps (Richardson, 1997).

More information about FLOW-3D is given on the WWW page:
http://www.flow3d.com/

FLOW-3D runson UNIX workstations and it is relatively expensive.

6.7 TABS

The TABS models are made by Waterways Experiment Station, US Army Corps of
Engineers. The purpose of the program isriver and hydraulic engineering calculations.
The TABS model exist in several forms. The original was TABS-2D, a two-dimen-
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sional depth-averaged finite element program, using triangular cells. Thereisaso a
quasi-3D version, TABS-3D, also based on the finite element method.

The TABS models have been used in alarge number of river engineering studies, for
example McAnaly et. al. (1986).

More information about the TABS models are given on the WWW page:
http://hinet.wes.army.mil/software/tabs/tabs.htm
The most recent versions of the model isincorporated in the BOSS SMS system. Itis

running on PC’s and workstations, and it is relatively inexpensive.

6.8 PHOENICS

The PHOENICS program is made by Cham Corporation. It was the first general-pur-
pose CFD program, entering the marked in 1981. It is a finite volume program, using a
structured non-orthogonal grid, and a staggered variable arrangement.

The program has been used for calculation of oil spill in the rivers of northern Russia,
flow pattern in rivers (Oestberg and Johansson, 1992), flow in a channel (Toro et. al.,
1989) and flow in settling tanks (Dahl et. al., 1994).

More information about PHOENICS is given on the WWW page:
http://www.cham.co.uk/

The most recent version of the program runs on UNIX and PC’s. Several versions exist
with prices from relatively inexpensive to relatively expensive.

An old version of the program is available as shareware and can be downloaded from

the Internet.

6.9 CFX

CFX is a general-purpose CFD program owned by AEA Technology plc. It is a finite
volume program. Two versions exist. CFX 4 uses structured multiblock non-orthogo-
nal grids. CFX 5 uses an unstructured non-orthogonal grid.

CFX was previously called CFDS-FLOW3D.

The CFX program has previously been used for studying flow pattern in rivers
together with pollution spreading, shown in the WWW page:

http://www.cad.oml.gov/cad_ce/text/mwq4.html
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It has also been used by The Federa Institute of Technology, Lausanne, Switzerland,
to calculate turbidity currentsin alake. An animation is given on the web page:

http://Ichpc10.epfl.ch/cesare.html
More information about CFX is given on the WWW page:

http://www.aeat.co.uk/cfx/

The CFX program runs on UNIX workstations and it isrelatively expensive.
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7. Examples

Several examples are given in the following, reflecting possibilities for using CFD
modelsin hydraulic and sedimentation engineering. Colour figures from the examples
can be found on the World Wide Web at:

http://www.sintef .no/nhl/vass/vassdrag.html
http://www.bygg.ntnu.no/ivb/~nilsol/cfd

7.1 3D calculation of trap efficiency of a sand trap

The primary goal of the SSIIM model was to calculate sediment trap efficiency of an
intake construction. One of the main parts of the intake is the sand trap. Olsen and
Skoglund (1994) calculated the flow pattern and sediment trap efficiency for a sand
trap, and verified the cal culation with concentration measurementsin a physical model
study. The grid of the sand trap is shown in the figure below:

The figure to the right shows a
3D view of the grid along the
bed and the surface, seen from
the downstream upper side. The
entranceisin the upper left cor-
ner, and the outlet in the lower
~ right corner. Thereis an expan-
| sion region where the feeder
' channel flowsinto the sand
trap. The expansion is both in
the horizontal and vertical
direction. A recirculation zone
isformed at the expansion. To obtain the correct length of the recirculation zone, one
of the constants in the k- model had to be slightly modified.

= The figure to the left shows the measured

“ and calculated concentration profilesin a

* .| longitudinal section. The lines are calcu-
lated concentrations and the crosses are
measured values. There isfairly good agree-
ment between the cal culated and observed concentrations.

x
s ks
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7.2 Sediment deposition and bed movements in a sand trap

The original trap efficiency calculation for the sand trap in Chapter 7.1 was for a
steady situation. After some time, the sand trap will partly fill up with sediments
before it isflushed. It is of interest to predict how the trap efficiency change as the
sand deposit. Thisrequires calculation of the vertical bed movementsin the sand trap.

Olsen and Kjellesvig (1999) cal culated sediment movements and bed changesin atun-
nel-type sand trap. This was compared with results from a physical model study.

The figure above shows a 3D view of the grid along the bed and the roof. The upper
left part of the figure is the entrance, and the lower right part is the outlet.
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Water and sediments were added to the model and the bed elevation was measured.
This compared fairly well with the calculated bed elevation. A contour map of the cal-
culated bed elevation is given in the figure above, where the contour linesare givenin

cm.

The figure above shows alongitudinal profile along the centreline of the flume with
concentrations. The dark areais the deposited material.
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7.3 Calculation of water and sediment flow in a hydropower reservoir

Just like the trap efficiency calculation isimportant for an intake, it is also important
for smaller reservoirs. Water and sediment flow in the Garita Reservoir in Costa Rica
was calculated by Olsen et. al. (1994). Thisisasmall hydropower reservoir designed
for daily peaking. The average depth of the reservoir is 5.5 meters, and the water dis-
charge through the reservoir is 17 m3/s. The figure below shows the depth-averaged
velocity vectors.

LEGENG:

VELOOTY VECTOR,
MEASURED

L]
ZERG VELOOTY

Olsen et. al. measured the velocities in the reservoir, and this is compared with the cal-
culated velocitiesin the figure. The calculations captured all recirculation zones, and a
parameter test with changes in the bed roughness did not influence the result. The sed-
iment flow through the reservoir and the trap efficiency was also calculated, and it
compared reasonably well with measurements.

7.4 Reservoir flushing

Sediment depositsin areservoir can cause reduction in the effective storage volume
and thereby an economic loss. For some cases, it has been possible to remove the sedi-
ments by flushing. Flushing is accomplished by lowering the water level at the dam,
increasing the water velocity and causing erosion in the reservoir. It is of engineering
and economic interest to be able to model the flushing process, to see how much sedi-
ments are removed and how the remaining sediments are distributed in the reservair.

In the example shown here the flushing of the Kali Gandaki hydropower reservoir was
simulated (Olsen, 1999). A physical laboratory model of this reservoir had been built,
and could be used for verification of the numerical model. The model measured 5x11
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meters and was built of concrete. Initialy, alayer of sand with horizontal surface was

laid on top of the bed. Water was then carefully filled into the model to avoid disrup-

tion of the sediments. When the water level was 15 cm. above the bed, the flushing

started using a constant water discharge of 28 I/s. The downstream water level was

lowered and the water flushed the sand forming a channel in the reservoir. After 2 %
hours the test was stopped and the bed was measured.

The numerical model used a 2D depth-averaged water velocity calculation, together
with a 3D solution of the convection-diffusion equation for sediment concentration.

The figure above shows the calculated velocities after 2 % hours. The figure below
shows a contour map of the calculated bed levels after 2 %2 hours, where the numbers
are in cm above the spillway crest. There was reasonable agreement between measured
and calculated bed elevations.
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7.5 Local scour

Local scour isimportant for constructions in alluvial rivers. Much research has been
done on bridge pier scour, because this has caused some bridges to collapse during
floods.

Local scour around a bridge pier was calculated by Olsen and Melaaen (1993) and
Olsen and Kjellesvig. In the first study only the shape of the scour hole was cal cul ated,
and the maximum scour depth was not calculated. This was however done in the sec-
ond study. The figure below shows cal culated and measured shape of the scour hole
from the first study:

In this case a cylinder with diameter 75 cm was placed in a 3.65 m wide flume, cov-
ered with sediments. The sediments were plastic particles with density 1.04 and diam-
eter 3 mm. Theinitial water depth was 33 cm and the upstream water velocity was 6.7
cm/s.

MEASURED CALCULATED

Calculated and measured scour hole, where the levels are given in cm.

More recently, Olsen and Kjellesvig (1998a) calculated local scour depth using the
SSIIM model. A time-dependent cal culation was done, where the Navier-Stokes equa-
tions and the sediment transport was calculated simultaneously. The depth of the
emerging scour hole corresponded reasonably well with empirical formulas.

7.6 Turbidity current

Olsen and Tesaker (1995) calculated aturbidity current for a two-dimensional width-
averaged situation. The numerical model reproduced a laboratory experiment with a
turbidity current flowing inside aflume. It was necessary to modify the k-€ model to
be able to smulate the decreased eddy-viscosity in the region above the current.
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The velocity vectorsin alongitudinal profile is shown in the figure above. The tran-
sient development of the calculated density current concentration is shown in the fig-
ure below.

24 sec.

30 sec.
= -+ 30 sec.

Turbidity current modelling has also been done for afully 3D case, modelling areser-
voir. Thiswas done at EPFL, Lausanne, Switzerland, using the CFX model.

7.7 Spillway

Kjellesvig (1996) and Olsen and Kjellesvig (1997) calculated the coefficient of dis-
charge for severa spillwaysin two and three dimensions. The results were compared
with experimental values and standard engineering literature. A time-dependent calcu-
lation was done with constant water discharge, starting with a horizontal water surface
level. The water continuity in the cells closest to the water surface was used to update
the adaptive grid. After convergence, the grid level behind the spillway was used to
calculate the coefficient of discharge. The deviation between cal culated and measured
coefficient of discharge was 1% for the 3D case shown here. The water isflowing from
left to right in the figure, showing the grid of the water surface and the bed.

The coefficient of discharge was also calculated by Yang and Johansson (1998) and
Yang (1998) using anumber of different commercial models: STAR-CD, PHOENICS,
FLUENT and CFX. HR Wallingford has also calculated the coefficient of discharge
for aspillway using FLOW-3D (Spaliviero and May, 1998). The spillway computation
has also been done by Kruger et. a. (1998), using an in-house finite element program.

A similar phenomena is the computation of the Parshall Flume. The hydraulic jump

downstream a control structure has also been modelled, for example by Richardson
(1995).
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7.8 Flood wave

During the work on his doctoral dissertation, Lgvoll (1996), Lgvoll et. al (1995) inves-
tigated the forces on a construction being hit by a flood wave. The construction was a
rectangular cylinder of 7x10 dm, located in a laboratory flume, 0.6 meter wide, 0.8
meter high and 26 meters long. The construction was hit by a flood wave with a water
discharge between 34 and 160 litres/second. The figure below shows the calculated
forces on the cylinder, compared with laboratory measurements.

Time (s)
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7.9 Flow pattern in rivers

Habitat studiesin rivers often require an investigation of the flow patternin ariver
with complex natural geometry. Olsen and Stokseth (1995) modelled areach of Sokna
river using afully 3D model, where large rocksin the river were modelled as porosity.
The porosity model was calibrated using measured velocities.

Alfredsen et. al. (1997) calculated both the location of the water surface and the water
velocity in ariver using two-dimensional depth averaged simulations. The programs
SSIIM and AquaDyn were used. The results were transformed into habitat preferences
for salmon and compared with measurements. The habitat preferences are shown in
the figures below, where the upper figure shows the results from AquaDyn, and the
lower figure shows the results from SSIIM:

. Avioidable . Indifferemn Suttable

Over the last years, a number of other river reachesin Norway have been modelled by
SINTEF for habitat studies. Further information is given on the web page:

http://www.sintef.no/units/civil/water/effekt/hydpeak.html
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List of symbols

CmC1.Co
c

D

tion

d, d5, dgo

W FLVIFFTTeme

constants in the k-e model

concentration of sediments
parameter in van Rijn’s formula for sediment concentra-

mean diameter of sediment particle
diameter of sediment particle for which 90% is smaller

constant in wall function
acceleration of gravity
depth of water flow
turbulent kinetic energy
roughness at wall

Manning’s friction coefficient
pressure
term for production of turbulence

Pechelet number
water discharge pr. unit width of canal

Schmidt number, ratio of turbulent eddy viscosity to
sediment concentration diffusivity
parameter in van Rijn’s formula for sediment concentra-

average velocity
fluctuating velocity
shear velocity

coordinate
coordinate
coordinate

Kronecker delta: 1if i=j, else zero

dissipation rate of turbulent kinetic energy
turbulent diffusivity

constant in wall function

kinematic viscosity of water

turbulent eddy viscosity

density of sediment

density of water

constants in the k-e equations
shear stress
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